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Lyapunov exponents, a purely classical quantity, play an important role in the evolution of quan-
tum chaotic systems in the semiclassical limit. We conjecture the existence of an upper bound on the
Lyapunov exponents that contribute to the quantum motion, namely, even in the semiclassical limit
only a limited range of Lyapunov exponents, bounded from above, are important for the quantum
evolution. This is a universal feature in any quantum system or quantum field theory, including
those with a gravity dual. It has its origin in the finite size of the Hilbert space that is available to
an initial quasi-classical configuration. An upper bound also exists in the limit of an infinite Hilbert
space provided that the system is in contact with an environment, for instance a thermal bath. An
important consequence of this result is a universal quantum bound on the maximum growth rate of
the entanglement entropy at zero and finite temperature.
A central feature of classical chaos is the butterfly ef-
fect, namely, the extreme sensitivity of the dynamics to
small changes in the initial conditions. It is governed by
Lyapunov exponents that control the exponential growth
of the separation between nearby classical trajectories,
|δx(t)| ≃ |δx(0)| exp(κt) where δx(0) stands for a small
change of initial conditions, and κ is the largest Lyapunov
exponent available to the system.
In the semiclassical limit (~ → 0) the classical butter-
fly effect also plays an important role in the quantum
dynamics [1] for sufficiently short times t . tE, where
tE ∼ log(~−1)/κ is the Ehrenfest time defined as the time
for which the initially small quantum corrections become
comparable to the classical contributions. In this region,
the leading ~ correction of certain dynamical observables
grows exponentially with the separation of classical tra-
jectories exp(κt) [2].
A paradigmatic example of this class is the rate of
growth of the entanglement entropy (EE). Paz and Zurek
[3] conjectured that the slope of the linear growth of
the EE in an initially coherent quantum chaotic sys-
tem after coupling it to thermal bath is just the classical
Kolmogorov-Sinai (KS) entropy which depends only on
the Lyapunov exponents. Numerical simulations [4] have
largely confirmed the conjecture at least in the limit of
high temperatures or sufficiently small Lyapunov expo-
nents. Similar results are observed even if there is no
notion of temperature until after the system has scram-
bled from an initial semi-classical state. The EE growth
rate, obtained by tracing over half of the classical degrees
of freedom of a chaotic dynamical system [5] (see also [6]),
is again the KS entropy and is essentially insensitive to
the choice of degrees of freedom that are traced over.
Qualitatively this can be understood by imagining
two identical quantum chaotic systems A,B (each with
one canonical pair of degrees of freedom x, p) that at
t = 0 are put in contact. The entanglement entropy
S = −TrρA log ρA is computed by integrating over the
system B where ρA = TrBρAB is the reduced density
for system A and ρAB is the total density matrix. Again
assuming that the initial state for A is a coherent state
it is possible to prove that up to times of the order of the
Ehrenfest time the entropy will grow like the logarithm of
the area in units of ~. That is, S ∼ log(∆x(t)∆p(t)/~).
This leading contribution to S, which is correct for times
shorter but of the order of the Ehrenfest time, will come
from the semiclassical expressions for the uncertainty ∆x
and ∆p. According to the discussion above, these uncer-
tainties will grow exponentially in time with a rate con-
trolled by the (two) largest Lyapunov exponents of the
total system A + B. To a good approximation the en-
tropy growth rate is ∆S∆n ≃ 2κ+ where κ+ is the largest
Lyapunov exponent associated to A and B and n stands
for the number of time steps. This result indicates that
the loss of information by entanglement, a purely quan-
tum phenomenon, is controlled by the purely classical
butterfly effect. This intuition generalizes easily to sys-
tems with many degrees of freedom, where we expect the
EE to be proportional to to the volume and still to grow
as a sum of the largest Lyapunov exponents [5].
Recent results in very different problems ranging from
quantum information [7, 8] and quantum chaos [9–11] to
field theories with a gravity dual [12, 13] have challenged
the universal validity of this semiclassical analysis. It
seems that for sufficiently large κ or low temperatures
the EE growth rate saturates to a value dependent on ~
rather than to the purely classical Lyapunov exponents.
Our goal in this paper is to clarify the possible origin of
the physics responsible for the breakdown of the semiclas-
sical picture, and to study its physical consequences. We
will argue that there exists a universal quantum bound,
proportional to the logarithmic of the number of states,
for the Lyapunov exponents that enter in the semiclas-
sical analysis. This bound is non-perturbative in ~ and
does not need a temperature to manifest itself. The ori-
gin of the bound lies in the finiteness of the Hilbert space
that is available to a dynamical system with a fixed semi-
classical initial condition. An important consequence of
this result, that we discuss in detail, is that the growth
rate of information loss, as measured by the entangle-
2ment entropy, has a universal upper quantum bound.
The effect of the environment can also break down the
semiclassical prediction for this growth rate even if the
full Hilbert space is not finite. For the case of thermal
environments we propose, based on black hole physics
and causality constraints, a universal bound for the EE
growth rate.
Next we give general arguments for the existence of
bounds in the Lyapunov exponents and the growth rate
of the entanglement entropy.
Uncertainty and universal bounds on the butterfly effect.-
A natural set of observables to investigate these universal
bounds are the commutators that appear in the general-
ized uncertainty relation. Consider applying this uncer-
tainty relation to the commutator of an operator at two
points of time,
∆xn∆x0 ≥ |[xˆn, xˆ0]|/2 (1)
where for convenience we have switched to discrete time
labelled by t = 0, n. Assuming that the initial state at t =
0 is coherent ∆x0 ≈
√
~ and computing the commutator
to leading order in ~,
∆xn ≥ |[xˆn, xˆ0]|/(2∆x0) ≈ ~−1/2〈{xn, x0}P.B.〉, (2)
we find that it depends on the Poisson Bracket between
functions at different times. The right hand side is pro-
portional to the Jacobian ∂x(t)/∂x(0) which for chaotic
systems leads to an exponential growth of the Poisson
bracket [1, 2] for times less than the Ehrenfest time,
∆xn ≥ |[xˆn, xˆ0]|/2∆x0 ≈ 〈{xn, x0}P.B.〉 ≈
√
~eκ+n, (3)
where κ+ is the largest positive Lyapunov exponent.
The growth of the quantum uncertainty seems to be
solely controlled by the classically chaotic dynamics. We
interpret this to signify that the butterfly effect in quan-
tum mechanics is the (exponential) deterioration in the
capacity to do detailed predictions for quantum observ-
ables as time increases. Let us consider the growth of
uncertainly after a single step. The uncertainty in x1 has
to be smaller than the maximum possible uncertainty in
the system ∆x1 < ∆xmax ≃ A, which cannot be larger
than the typical system size A. This size does not depend
on ~ in a semiclassical treatment therefore,
A
√
~ > ∆x0∆x1 ≥ |[xˆ1, xˆ0]|/2 ≈ ~eκ+ , (4)
where we are assuming that the initial state is coherent
∆x0 ∼
√
~. Here we are only counting the powers of ~ as
~→ 0. To get the units to work right, a prescription for
how to precisely choose the coherent states needs to be
implemented (this is less of an issue if we use a canonical
pair of variables x, p, as the volume occupied by them
satisfies exactly that ∆x0∆p0 = ~/2).
For both inequalities to be valid in (4), the Lyapunov
exponent must be bounded κ+ < B log(~
−1) with a pref-
actor B of order one that does not depend on ~.
This bound in the quantum butterfly effect is
also closely related to the finite dimension N ∼
∆xmax∆pmax/~ of the Hilbert space for a single degree of
freedom in quantum mechanics (basically, the volume of
phase space of the degree of freedom in units of ~). This
property leads to a finite time to fill the available phase
space. As a consequence the bound on the Lyapunov
exponent can be cast as, 2κ+ < logN ≈ log(
∫
dxdp/~).
Here, the more precise version is that the sum of the two
largest Lyapunov exponents is bounded by log(N), but if
they’re similar, we get the bound. Otherwise, the bound
deteriorates as we add more degrees of freedom. That
the bound is related to finite N is also clear from the
calculation of the entanglement entropy for splitting a
system from many degrees of freedom into two subsys-
tems A,B. The entropy production per unit time must
be less than the maximal entropy of a density matrix on
the first system B. The maximum of the entanglement
entropy for such a splitting is limited by logN so
κ+ <
logN
2d
(5)
which is the same bound as the one obtained above,
where in this case d is the spatial dimensionality, with
another d arising from the conjugate momenta. Based on
the above discussion we propose that these bounds are
universal for any quantum system with a chaotic classi-
cal counterpart and a finite Hilbert space at zero or at
finite temperature. By universal we mean that it is al-
ways proportional to the logarithm of the Hilbert space
dimension, a dimensionless quantity. The prefactor, that
sets the time scale of the Lyapunov exponent, is in gen-
eral non universal. Generically, one can argue that it
is determined by other time scales in the problem, like
the time it takes to explore the range of a typical single
variable, or the typical time between collisions in a gas.
We also stress that the bound does not signal the com-
plete breakdown of the semiclassical approximation, as
the quantum correlation functions of interest still grow
exponentially, but rather limits the time scale for which
the semi-classical formalism is valid.
An immediate consequence of this result is a universal
bound on the growth rate of the EE. As was mentioned
previously, in the semiclassical limit, the growth of the
EE is linear in time and proportional to the sum of the
Lyapunov exponents. The growth rate is limited by the
maximum Lyapunov exponent consistent with Eq.(5).
Quantummechanical effects induce entanglement and de-
coherence but, importantly, also limit its growth. We
show next how the bound arises in a specific example.
Quantum cat maps and growth of EE in a toy model field
theory.-
A classically chaotic map is quantized [1] by writing down
the evolution matrix in discrete time acting on an initially
coherent state. Quantum operators are then expressed as
c-numbers describing the initial coherent state. We want
a system where the Lyapunov exponents are calculable.
The simplest such model is an iterated linear transfor-
3mation acting on x, p. However, we also need the phase
space to be compact. This forces us to consider a system
where the x, p variables are periodic.
An example is the algebra of the so called fuzzy
torus generated by two unitary operators U, V subject
to UN = V N = 1 and UV = exp(2pii/N)V U . Here
U ≃ exp(2piixˆ), and V ≃ exp(2piipˆ), with xˆ, pˆ position
and momentum operators of period one and commutator
∼ ~ ≃ (2piN)−1. The unitary irreducible representations
of the algebra act therefore on a Hilbert space of dimen-
sion N . If x, p are c-numbers associated to variables on
a torus, the mapping of the torus can be realized by
(
x
p
)
→
(
a b
c d
)(
x
p
)
=M
(
x
p
)
(6)
with ab − cd = 1. For a = 2, b = c = d = 1 this is
the Arnold cat map, an exactly solvable chaotic system.
The Lyapunov exponents are computed by taking the
logarithm of the eigenvalues of M . These are given by
λ1,2 = κ± = ±κ. In order to quantise it, we associate the
same matrix to an action that acts as an automorphism
of the algebra generated by U, V , where
U → ηUaV b V → η′U cV d (7)
and η, η′ are phases that are determined by (ηUaV b)N =
ηNUNaV Nb exp(piiab(N − 1)) = 1, so η, η′ only need ap-
pear if N is even. Let us call the unitary operator that
implements that automorphism Γ. Because UN = 1, the
a, b, c, d only need to be defined modulo N . Thus, at fi-
nite N we really only have an action by an element of
SL(2,ZN), rather than SL(2,Z), but there is a standard
map from SL(2,Z)→ SL(2,ZN ).
Now, let us return to our example of the fuzzy torus.
We can now study commutators for U displaced in time.
A straightforward computation shows that under itera-
tion,
UnU − UUn =
(
1− exp
[
2pii
N
(Mn)12
])
UnU (8)
Now, we insert this expression for the commutator on the
right hand side of equation (1). To make the operators
hermitian we can take U+U−1 for example, but the esti-
mate is essentially the same. We see that in this case the
role of ~ exp(κ+n) is played by (1 − exp(2piiN (Mn)12)) ≃
− 2piiN (Mn)12, which at large N tell us that ~ ≃ (2piN)−1
and that the Lyapunov exponents are the eigenvalues of
M . We observe that if N is large, the right hand side
of (8) grows exponentially for small enough values of n:
when 2pi(Mn)12/N < 1. We want this inequality to be
true at least for n = 1. The inequality is violated ifM has
large eigenvalues, so we argue that quantum mechanics
puts a limit on scrambling.
More precisely, we can argue that a minimal uncer-
tainty package in U, V centered around phases (θ, φ) in
the torus should be such that the uncertainty after the
next iteration of the dynamics is ∆U1 < 1. Such a
state |ψ〉 is defined by minimizing the hermitian operator
(U−exp(iθ))†(U−exp(iθ))+(V −exp(iφ))†(V −exp(iφ))
(see for example [14]). The state |ψ〉 has an uncertainty
in U, V or roughly 1/
√
N in each direction. The left hand
side of equation (8) is also given by [Un − exp(iθn), U −
exp(iθ)] = UnU − UUn where θn ≃ Mn(θ, φ)T . Then
the left hand side can be related to the uncertainties
in a straightforward way. This gives us a bound when
we plug it in ∆U1
1√
N
≥ 1N exp(λ+) or equivalently,
λ+ ≤ log(
√
N), the same bound as (5).
We now extend this further to systems that have mul-
tiple coordinates, but that are still similarly soluble,
namely, a toy model of an interacting quantum field the-
ory on a 1-D lattice. If we have a lattice system with a
Hamiltonian, the Lieb Robinson bound [15] suggest that
we can pretend that time is discrete with a time step
that is the effective light-crossing time per site. This is
enough to motivate our model: take a lattice with a set
of U, V matrices at each site. Consider U(a) → U(a)V(b),
Ub → UbV(a) for some a 6= b. A direct computation shows
that it is an automorphism of the operator algebra be-
tween two sites similar to hopping between a and b. We
do this operation between every pair of neighboring sites
on the (1-D) lattice and then follow this by a fixed quan-
tum cat map at each site. This generates a system with
nearest neighbor hopping and local scrambling. This can
still be thought of as a linear transformation for the log
of the matrices interpreted as classical coordinates. The
analog of the matrix M is now a collection of banded
matrices
M˜nn =


. . . 1 0 0 0
0 1 0 0 0
0 0 1 1 0
0 0 0 1 0
0 1 0 0 1
. . .


M˜Γ =


. . .
M
. . .


(9)
and when we multiply these two Mtot = M˜nn.M˜Γ, we
still get a banded matrix and it is periodic. This has
important consequences for the eigenvalues: they give
rise to a band structure similar to a periodic potential
with nearest neighbor hopping.
For field theories it is very interesting to understand
howmuch entanglement entropy is produced between two
subsystems on iteration of the transformation associated
to Mtot. If we have k sites, one subsystem will consist of
m consecutive sites, and the other subsystem will be the
rest of the k−m sites. If m << k−m, the entanglement
entropy rate is the sum of the logarithm of the 2m largest
eigenvalues ofMtot [5] (each site counts as two degrees of
freedom: one p and one x), which are all roughly the same
and close to the maximum eigenvalue of Mtot, λmax =
exp(κmax). This is a consequence of the band structure
of the eigenvalues of Mtot. This gives us
∆S
∆n
≃ 2mκmax (10)
4and now we need this entropy per unit time to be less
than the maximal entropy for a density matrix on the
first system, otherwise, the right hand side overshoots a
lot. This is, we get that
m log(N) < 2mκmax (11)
which is again, the same bound from equation (5). No-
tice that this means that scrambling is proportional to
the volumem. So (entanglement) scrambling can be con-
sidered to be taking place locally.
Discussion.-
We now show that the proposed bound on the growth
rate of the EE is fully consistent with recent results in
holography, quantum information and quantum chaos. A
similar growth like volume was found [16] holographically
though for times much shorter than the Ehrenfest time.
The recently proposed entanglement tsunami idea [17–
20] predicts bounds on entanglement rates proportional
to the area bounding the regions. There is no overlap
with our results as the local saturation of the entropy in
this case is expected for shorter times smaller than the
light crossing time of a sufficiently extended region. At
local saturation the semiclassical approximation, a key
ingredient in our approach, breaks down because uncer-
tainties grow too large. The rest of the evolution occurs
in the quantum regime. The scrambling rate in this case
is bounded by a different reason: the ability of a single
site to act as a channel with fixed capacity to connect its
neighbors.
Bounds on the growth rate of the EE that depend on
the logarithm of the dimension of the Hilbert space have
also been reported in the quantum information litera-
ture though without an explicit relation to classical Lya-
punov exponents and general uncertainly relations. It
was conjectured [7], and recently proved [8], that the
growth of EE is bounded by the log of the size of the
Hilbert space of the part of the system that acts as a
reservoir. A bound in the growth rate of the EE has
also been observed in quantum system with a strongly
chaotic classical counterpart, such as a kicked top, put in
contact with a finite dimensional environment modelled
by another chaotic system [9]. In this case the bound is
not saturated as its dependence with the Hilbert space
dimension is faster than logarithmic. Similarly, in the
context of chaotic holographic matrix models, that in
the thermodynamic limit describe quantum gravity, an
upper bound [21] to the equivalent of κmax has been re-
cently found numerically though its dependence on the
matrix size has not yet been established. We note that
the maximum growth rate 2mκmax in this toy model of
quantum gravity should be interpreted as the universal
scrambling of m different degrees of freedom near an ex-
tremal black hole horizon: each degree of freedom has
the same scrambling controlled by κmax. This meshes
well with the idea that the blueshift due to gravity has
the same strength for all matter.
Bound of the EE growth rate in thermal systems.-
So far our analysis is restricted to systems with a finite
Hilbert space. However on physical ground we expect
that bounds must also exist for continuous systems with
an arbitrarily large number of states available. For in-
stance we expect that the Lyapunov exponent, that has
units of inverse time, must be bound by the uncertainty
relation, κ+ < ∆E/~ where ∆E is a non-universal en-
ergy scale that depends on the system in question. For
larger κ+ ≥ κmax = ∆E/~ the classical Lyapunov ex-
ponent does not control the quantum dynamics even in
the semiclassical limit though the predicted exponential
growth of certain correlation functions, of semiclassical
origin, is still valid up to the Ehrenfest time. This is
fully consistent with the recent conjecture [12] that, for
systems coupled to a thermal bath the parameter λQ,
that controls the exponential grow of certain commuta-
tors around the Ehrenfest time, has an universal upper
bound λQ ≤ 2pikBT~ in the semiclassical limit. This is the
expected behaviour in thermal field theories with a grav-
ity dual where membrane paradigm ideas [22–24] suggest
an exponential growth of the uncertainty, controlled by
the blue-shift and bound by causality, of an infalling ob-
server [25] approaching the horizon. Next we employ
similar ideas to propose a universal bound on the EE
growth rate also exists in systems coupled to a thermal
bath.
We study the growth of EE of a test particle that it
is put in contact with a strongly coupled plasma, with a
largeN gauge group, at temperature T . The gravity dual
of this system is a Nambu-Goto string going from the
horizon to the boundary. However, see [26] for a detailed
derivation, the low energy effective gravity dual, valid for
most purposes, is just a test particle close to the so called
stretched horizon [22, 24]. The particle-plasma scattering
corresponds in the gravity dual with a scattering event in
the stretched horizon followed by gliding in the thermal
atmosphere of the blackhole [23], described by Rindler
geometry, interrupted sometimes by reflection in the AdS
boundary. With these simple ingredients we estimate the
growth of the EE.
Before the scattering starts the probe is in a coher-
ent state ∆x(0)∆p(0) ≈ ~. The associated reduced den-
sity matrix is Gaussian. The rate of loss of information
will have a maximum for time intervals for which the
uncertainty in momentum or position grows very fast.
The saturation of the EE will occur when the initially
localized particle is fully spread in the stretched hori-
zon [22]. For a static observer the particle is accelerated
as it falls toward the horizon. For a Schwarzschild ge-
ometry the momentum increases as p ∼ et/4MG where
G is the gravity coupling constant and M the mass of
the black hole. For short times, the spread in space
∆x2 ∝ log p ∝ t. This is valid for densities much smaller
than the Planck density. However, as the particle ap-
proaches the stretching horizon, the Rindler geometry
applies and ∆x2 ∝ p ∼ Get/4MG where G ∝ 1/N2 is the
gravity coupling strength. The entanglement entropy be-
fore saturation is simply,
S ∼ log(∆x(t)∆p(t)) ∼ t/4MG = t/τ (12)
5where τ = ~/2pikBT . Interestingly [22] a growth faster
than et/4MG violates causality. This encourages us to
conjecture that 1/τ is the maximum growth rate of the
EE in any system in contact with a thermal bath.
This bound is consistent with previous results in
fermionic thermal systems [27] where the growth rate
∼ ~/kBT depends on the interaction but it is always
below the bound (12). Another evidence comes from the
breaking of the Zurek-Paz conjecture [3] for sufficiently
low temperatures where the growth rate saturates [10]
to a value dependent on the thermal environment. Simi-
larly it has been conclusively shown [11, 28–30] that, for
sufficiently large Lyapunov exponents, the growth rate
of the EE for certain quantum maps is controlled by a
generalized KS entropy of the environment [30], in this
case non-thermal, and not by the butterfly effect.
In summary we conjecture that there exists an univer-
sal bound on the Lyapunov exponents, and in general on
classical information, that enter in semiclassical expres-
sions of quantum observables. The bounds are related
to uncertainty constraints and to the effect of the envi-
ronment in the semiclassical evolution. A notable con-
sequence of the conjecture is a universal upper bound
on the growth rate of the EE for systems with a finite
Hilbert space or in contact with a thermal bath. Quan-
tum mechanical effects induce entanglement but interest-
ingly also limit its growth.
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